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Exercise 2.5.5

(A general example of non-uniqueness) Consider the initial value problem ẋ = |x|p/q, x(0) = 0,
where p and q are positive integers with no common factors.

a) Show that there are an infinite number of solutions for x(t) if p < q.

b) Show that there is a unique solution if p > q.

Solution

Part (a)

Suppose that p < q. Then

q − p > 0 → q − p

q
>

0

q
→ 1− p

q
> 0.

Split up the ODE over the intervals where the absolute value function is defined and separate
variables to find x(t).

dx

dt
= (−x)p/q, x < 0

dx

dt
= xp/q, x ≥ 0

dx

(−x)p/q
= dt

dx

xp/q
= dt

(−x)−p/q dx = dt x−p/q dx = dt

�
(−x)−p/q dx =

�
dt

�
x−p/q dx =

�
dt

1

1− p
q

(−x)1−p/q = t+ C1
1

1− p
q

x1−p/q = t+ C2

Combine the two equations.
1

1− p
q

|x|1−p/q = t+ C3 (1)

Apply the initial condition x(0) = 0 to determine the integration constant.

1

1− p
q

(0)1−p/q = (0) + C3 → C3 = 0

As a result, equation (1) becomes
1

1− p
q

|x|1−p/q = t.

Solve for x(t).

|x|(q−p)/q =

(
1− p

q

)
t

|x| =
[(

1− p

q

)
t

]q/(q−p)
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Therefore,

x(t) = ±
[(

1− p

q

)
t

]q/(q−p)

.

Notice that x(t) = 0 is also a solution of the ODE and its associated initial condition. Construct
another solution depending on the parameter t0.

x(t) =


0 if t < t0

±
[(

1− p
q

)
(t− t0)

]q/(q−p)
if t > t0

Since t0 is arbitrary, there are an infinite number of solutions to the initial value problem.

Part (b)

Suppose that p > q. Then

p− q > 0 → p− q

q
>

0

q
→ p

q
− 1 > 0,

and the solution to the ODE obtained by separating variables becomes

|x| =
[(

1− p

q

)
t

]q/(q−p)

=

[
−
(
p

q
− 1

)
t

]−q/(p−q)

= (−1)−q/(p−q)

[(
p

q
− 1

)
t

]−q/(p−q)

.

The right side is potentially negative; for example, choosing q = 1 and p = 2 results in

|x| = (−1)−1t−1 = −1

t
.

Consequently, this solution must be discarded. Only x(t) = 0 satisfies the initial value problem in
the case that p > q, meaning it’s a unique solution.

www.stemjock.com


